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(A) 3 Standard steps for solving M.I. questions. 

i. What is Mathematical Induction 
Consider the following proposition P(n). 

P(n): ( )1
2
1...321 +=++++ nnn  for all natural numbers n. 

How to prove this pattern is true for all natural numbers n? 
 
When 1=n ,  L.H.S. 1=  

    R.H.S. ( )( ) 1111
2
1

=+=  

When 2=n ,  L.H.S. 321 =+=  

    R.H.S. ( )( ) 3122
2
1

=+=  

When 3=n ,  L.H.S. 6321 =++=  

    R.H.S. ( )( ) 6133
2
1

=+=  

When n = 4, 5, 6, …, 97, 98, 99, 
   : 
When 100=n ,     L.H.S. 5050100......321 =++++=  

        R.H.S. ( )( ) 50501100100
2
1

=+=  

How about n = 1000, 10000, 100000,…??? Infinite natural numbers !!! 
Therefore, … 
 

Mathematical Induction 數學歸納法 

When to Use : To prove a proposition P(n) is true for all natural numbers n. 
 
Necessary Condition: P(n) can be proved if considering successive cases step by 
step. 
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ii. 3 Standard Steps for M.I. 數學歸納法三個基本步驟 

Mathematical Induction 數學歸納法 

Step 1:Prove P(0/1/2) is true  
Step 2: Assume P(k) is true 
Step 3: Consider P(k+1), Prove P(k+1) is true using P(k) is true assumption. 

 
e.g.1 Prove, by M.I., P(n) is true for all natural numbers n. 

P(n): ( )1
2
1......321 +=++++ nnn  for all natural numbers n. 

Sol: When 1=n , 
    L.H.S. 1=  

    R.H.S. ( ) 111)1(
2
1

=+=  

    ∴L.H.S.=R.H.S., P(1) is true. 
     

Assume P(k) is true, i.e. ( )1
2
1......321 +=++++ kkk  

                       where k is a positive integer. 
Consider P(k+1), 

L.H.S. 1......321 ++++++= kk  

            )1()1)((
2
1

+++= kkk  

)2)(1(
2
1

++= kk  

 

            )2)(1(
2
1

++= kk  

            =R.H.S. 
    ∴ P(k+1) is true, if P(k) is true. 
    By M.I., P(n) is true for all natural numbers n 
    p.s. Question Type: Simple Equality !!! 

} 
}Step 2 

 Step 3 

Step 1 

[By Assumption P(k) is true]
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(B) Different Types of M.I. questions 
Four Common Types of M.I. Questions  
a. Simple Equality 
b. Fraction Equality 
c. Divisible 
d. Derivation (Variety) 

黎 Sir 提提你 :  
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Exam Type Questions: 
a. Simple Equality 簡單等式 

Skill 1: 無中生有大法 
Skill 2: 望住最後一步 

e.g.2 Prove, by M.I., P(n) is true for all natural numbers n.  

P(n): ( )1
2
1......321 +=++++ nnn  for all natural numbers n. 

黎 Sir 提提你 :  

Sol: When 當 1=n , 
    L.H.S. 1=  

    R.H.S. ( ) 111)1(
2
1

=+=  

    ∴L.H.S.=R.H.S., P(1) is true. P(1) 成立. 
     

Assume 假設 P(k) is true, i.e. ( )1
2
1......321 +=++++ kkk  

                       Where k is a positive integer. 
Consider 考慮 P(k+1), 

L.H.S. 1......321 ++++++= kk  

            )1()1)((
2
1

+++= kkk  

)2)(1(
2
1

++= kk  

            )2)(1(
2
1

++= kk  

            =R.H.S. 
 
    ∴ P(k+1) is true, if P(k) is true. 
     

By M.I., P(n) is true for all natural numbers n 
 

 

}Step 2 

 Step 3 

}Step 1 

[By Assumption P(k) is true]

無中生有大法!!! 

望住最後一步!!! 
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e.g.3 Prove, by M.I., P(n) is true for all natural numbers n. 

P(n): ( ) ( ) ( )
2

111......4321 1212222 +
−=−++−+− −− nnn nn for all natural numbers n. 

黎 Sir 提提你 : 

When n=1, 

L.H.S. =
+

−== −

2
)11(1

)1(1 112 R.H.S. 

So P(1) is true. 
 

Assume P(k) is true, i.e. ( ) ( ) ( )
2

111......4321 1212222 +
−=−++−+− −− kkk kk ,  

where k is a positive integer. 
 

Consider P(k+1), 

L.H.S. ( ) 211212222 )1()1(1......4321 +−+−++−+−= −+− kk kk  

2111 )1()1(
2

)1(
)1( +−+

+
−= −+− k

kk kk  

)]1(2)1[(
2

)1(
)1( 1 ++−

+
−= − kk

kk  

      ]22)1[(
2

)1()1( ++−
+

−= kkkk  

      ]221[(
2

)1()1( ++−
+

−= kkkk  

      ]2[(
2

)1()1( +
+

−= kkk  

( ) ( )
2

2)1(
1

++
−=

kkk  

( ) ( )
2

2)1(1 11 ++
−= −+ kkk  

      = R.H.S. 
 
∴ P(k+1) is true, if P(k) is true. 
 
By M.I., P(n) is true for all natural numbers n 
 

無中生有大法!!! 

望住最後一步!!! 

(-1)k = -1 if k is odds !!!
(-1)k = 1 if k is even !!! 

[By Assumption P(k) is true] 
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b. Fraction Equality 份數等式 
Skill 1: 無中生有大法 + / 通份母 
Skill 2: 望住最後一步 
e.g.4 Prove, by M.I., P(n) is true for all natural numbers n. 

P(n): 1
2

2
)2)(1(

2...
54
23

43
22

32
21 132

−
+

=
++

×
++

×
×

+
×
×

+
×
× +

nnn
n nn

 for all natural numbers n. 

黎 Sir 提提你 :    

When n=1, 

L.H.S. 
3
1

32
21
=

×
×

=  

R.H.S. ==−
+

=
+

3
11

2
2 1

n

n

 L.H.S. 

So P(1) is true. 
 

Assume P(k) is true, i.e. 1
2

2
)2)(1(

2...
54
23

43
22

32
21 132

−
+

=
++

×
++

×
×

+
×
×

+
×
× +

kkk
k kn

, 

                  where k is a positive integer. 
 
Consider P(k+1), 

L.H.S. 
)21)(11(

2)1(
)2)(1(

2...
54
23

43
22

32
21 132

++++
×+

+
++

×
++

×
×

+
×
×

+
×
×

=
+

kk
k

kk
k kk

 

       
)3)(2(

2)1(1
2

2 11

++
×+

+−
+

=
++

kk
k

k

kk

 

       1)
3
11(

2
2 1

−
+
+

+
+

=
+

k
k

k

k

 

       1)
3
42(

2
2 1

−
+
+

+
=

+

k
k

k

k

 

       1
3

)2(2
2

2 1

−
+
+

•
+

=
+

k
k

k

k

 

1
3

2 2

−
+

=
+

k

k

 

       1
2)1(

2 1)1(

−
++

=
++

k

k

 

       = R.H.S. 
∴ P(k+1) is true, if P(k) is true. 
By M.I., P(n) is true for all natural numbers n 

[By Assumption P(k) is true]

望住最後一步!!! 

無中生有大法!!! 

通份母!!! 
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e.g.5 Prove, by M.I., P(n) is true for all natural numbers n. 

P(n): nn

nn
2

22
2

...
2
3

2
2

2
1

32

+
−=++++  for all natural numbers n. 

黎 Sir 提提你 :    

When n=1, 

L.H.S. 
2
1

2
1

1 ==  

R.H.S. 
2
1

2
212 1 =

+
−=  L.H.S. 

So P(1) is true. 
 

Assume P(k) is true, i.e. kk
kk

2
22

2
...

2
3

2
2

2
1

32
+

−=++++ , where k is a positive 

integer. 
 
Consider P(k+1), 

L.H.S. 132 2
1

2
...

2
3

2
2

2
1

+

+
+++++= kk

kk  

       12
1

2
22 +

+
+

+
−= kk

kk  

       12
)1()2(22 +

+++−
+= k

kk  

       12
1422 +

++−−
+= k

kk  

       12
32 +

−−
+= k

k  

       12
)3(2 +

+−
+= k

k  

       12
32 +

+
−= k

k  

       12
2)1(2 +

++
−= k

k  

       = R.H.S. 
∴ P(k+1) is true, if P(k) is true. 
 
By M.I., P(n) is true for all natural numbers n 

[By Assumption P(k) is true]

望住最後一步!!! 

通份母!!! 



HKALE / HKCEE / GCSE / GCE / F.1 – F.7 黎 sir教室

 

Pure Maths, Further Maths, Applied Maths, Maths & Statistics, Maths, Add. Maths, Physics, Economics. 
                 Chief Tutor: Mr. Andy Lai 

6/F, Hollywood Plaza, 610 Nathan Road, Mongkok, Kowloon, Hong Kong.   Enrollment Hotline: 9783 2579 
 

HKCEE Additional Mathematics – Mathematical Induction 
 

 http://www25.brinkster.com/andy325     All Rights Reserved © 黎 sir 教室 
Prepared By Andy Lai 

9

c. Divisible 整除性 
Skill 1: Let 設 P(n) be bna =  
Skill 2: kk xxx •=>+1  
Skill 3: 數字分拆 
Skill 4: 抽公因式(Common Factor) 
Skill 5: 望住最後一步 
 
e.g.6 Prove, by M.I., nn 38 − is divisible by 5 for all positive integer n. 

黎 Sir 提提你 :    

Let P(n) be the statement: Mnn 538 =− where M is a integer 
    When 1=n , 
    L.H.S. ===−= )1(5538 11 R.H.S. 
∴ P(1) is true. 
 
Assume 假設 P(k) is true, i.e. Qkk 538 =−  where Q is a integer. 

 
Consider P(k+1), 

L.H.S. 11 38 ++ −= kk   
       kk 3388 •−•=  

           kk 338)35( •−•+=  
           kkk 338385 •−•+•=  
           )38(385 kkk −•+•=  
           )5(385 Qk •+•=  
           )38(5 Qk +•=  
           )(5 R•=  where QR k 38 +=  is an integer 
           )(5 R•=  
           = R.H.S. 

∴ P(k+1) is true, if P(k) is true. 
 

    By M.I., P(n) is true for all natural numbers n 
 
 

[By Assumption P(k) is true ] 

Skill 2 - 
kk xxx •=>+1

 

Skill 3 數字分拆 

Skill 4 - Common Factor 抽公因式

Skill 5 -望住最後一步 

Skill 1 - Let 設 P(n) be bna =
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e.g.7 Prove, by M.I., 19 −n  is divisible by 8 for all positive integer n. 

黎 Sir 提提你 :   

Let P(n) be the statement: Mn 819 =−  where M is a positive integer 
When 1=n , 
L.H.S. ==−= )1(8191 R.H.S. 
∴ P(1) is true. 
 
Assume P(k) is true, i.e. Qk 819 =−  where Q is a positive integer. 

 
Consider P(k+1), 

L.H.S. 19 1 −= +k  
           199 −•= k  
           1)18(9 −+•= k  
           1989 −+•= kk  
           Qk 889 +•=  
          )9(8 Qk +=  
          R•= 8  where R  is an integer 
           = R.H.S. 

∴ P(k+1) is true, if P(k) is true. 
 

By M.I., P(n) is true for all natural numbers n 
 
 

Skill 1 - Let P(n) be bna =  

Skill 2 - 
kk xxx •=>+1

 

Skill 3 數字分拆 

[By Assumption P(k) is true] 

Skill 4 - Common Factor 抽公因式

Skill 5 -望住最後一步 
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d. Derivation (Variety) 引伸 (變化) 
Skill 1: 數字分拆 
Skill 2: 併項法 
Skill 3: 斬頭切尾 
e.g.8 a. Prove, by M.I., P(n) is true for all natural numbers n.  

P(n): )2)(1(
3
1)1(...433221 ++=+++×+×+× nnnnn  for all natural numbers n. 

b. Hence , evaluate )52(50...534231 ++×+×+× . 

黎 Sir 提提你 : 

When n=1, 

L.H.S. ===×=+×= )3)(2)(1(
3
1221)11(1  R.H.S. 

∴ P(1) is true. 
 

Assume P(k) is true, i.e. )2)(1(
3
1)1(...433221 ++=+++×+×+× kkkkk ,  

where k is a positive integer. 
 
Consider P(k+1), 
L.H.S. )11)(1()1(...433221 +++++++×+×+×= kkkk  

)11)(1()2)(1(
3
1

++++++= kkkkk  

)3)(2)(1(
3
1

+++= kkk  

      )21)(11)(1(
3
1

+++++= kkk  

      = R.H.S. 
∴ P(k+1) is true, if P(k) is true. 
 
By M.I., P(n) is true for all natural numbers n 
 

無中生有大法!!! 

望住最後一步!!! 

[By Assumption P(k) is true] 
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b. )52(50...534231 ++×+×+×  

)511(50...)41(3)31(2)21(1 ++++×++×++×=  
 5150150...431332122111 ×+×++×+×+×+×+×+×=  
 = )5150...433221()150...131211( ×++×+×+×+×++×+×+×  

 )52)(51)(50(
3
1

2
)50)(501(
+

+
=  (By part a) 

 45475=  
 

Skill 1 數字分拆 

Skill 2 併項法 

Sum of A.P. !!! 
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e.g.9 (a) Prove, by mathematical induction, that            
( ) ( ) ( ) ( )( ) ( )132 221......242322 +=+++++ nn nn  for all positive integers n. 

 
(b) Show that ( ) ( ) ( ) ( ) ( ) 2297298......232221 999832 +=++++ . 

黎 Sir 提提你 : 

(a) Let P(n) be the statement ( ) ( ) ( ) ( )( ) ( )132 221......242322 +=+++++ nn nn  
for all positive integers n. 
When n=1, L.H.S. ( ) ( ) === +112222 R.H.S. 
So P(1) is true. 

 
Assume P(k) is true, i.e. ( ) ( ) ( ) ( )( ) ( )132 221......242322 +=+++++ kk kk  
 
Consider P(k+1), 
L.H.S. ( ) ( ) ( ) ( )( ) )2)(11(21......242322 132 +++++++++= kk kk  
      )2)(2()2( 11 ++ ++= kk kk  

      )]2(
1
2)2(

1
)[1( 11 ++

+
+

+
+

+= kk

k
k

k
kk  

      ]
1

)2)(2()2()[1(
11

+
++

+=
++

k
kkk

kk

 

      ]
1

)2)(1(2)[1(
1

+
+

+=
+

k
kk

k

 

]2(2)[1( 1++= kk  
)22)(1( ++= kk  

)112)(1( +++= kk  = R.H.S. 
 

∴ P(k+1) is true, if P(k) is true. 
 
By M.I., P(n) is true for all natural numbers n 
 
 

無中生有大法!!! 

[By Assumption P(k) is true] 

望住最後一步!!! 
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(b) ( ) ( ) ( ) ( )9832 298......232221 ++++  
   )2)(199(......)2)(14()2)(13()2)(12( 9832 −++−+−+−=  
   

2)(1(......)2)(1()2)(1()2)(1[()2)(99(......)2)(4()2)(3()2)(2( 9329832 ++++−++++=

 
   )]2(......)2()2()2[()2(98 9832198 ++++−= +  

]
21

)21(2[)2(98
98

99

−
−

−=  

   ]
1
22[2)2(97

99
9999 −
++=  

2)2(97 99 +=  
 

Skill 1: 數字分拆 

Sum of G.P. !!! 

Skill 2 併項法(Grouping Terms) 
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e.g.10 (a) Prove, by mathematical induction, that  

)3)(2)(1(3
1

18
1

)3)(2)(1(
1......

6543
1

5432
1

4321
1

+++
−=

+++
++

•••
+

•••
+

••• nnnnnnn
 

for all positive integers n. 
 
(b) Evaluate 

)22)(21)(20(19
1......

14131211
1

13121110
1

1211109
1

++
•••

+
•••

+
•••

. 

黎 Sir 提提你 : 

(a) 
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(b) 
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e.g.11 (a) Prove, by mathematical induction, that        

      )12)(1(
6
1......321 2222 ++=++++ nnnn  for all positive integers n. 

(b) Evaluate 2222 100......642 ++++ . 
(c)   Evaluate 181180......144143143142142141 ×++×+×+× . 

黎 Sir 提提你 : 

(a) 
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(b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) 
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e.g.12 a) Prove, by M.I., 132 12 +−n is divisible by 11 for all positive integer n. 
      利用數學歸納法, 對於所有正整數 n,, 證明 132 12 +−n 能被 11 整除. 
      b) Is 12985 + divisible by 11? Please support you answers with reasons. 

黎 Sir 提提你 : 

(a) 
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(b) 
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