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Mathematical Induction

Do you know variety is
the most popular
question type of M.1.?
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Mathematical Induction and its simple applications.
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- Application to proof of inequalities is not required.

SRR R SN

HKCEE Additional Mathematics — Mathematical Induction 1

http://www25.brinkster.com/andy325 Al Rights Reserved © % sir $5%
Prepared By Andy Lai




»

LS C’-:‘.‘.
A
Y

HKALE / HKCEE / GCSE / GCE / F1 - F7 ffé S”’?SCEI:

S
4

Pure Maths, Further Maths, Applied Maths, Maths & Statistics, Maths, Alid Maths, Physics, Economlcs
Chief Tutor: Mr. Andy Lai
6/F, Hollywood Plaza, 610 Nathan Road, Mongkok, Kowloon, Hong Kong.  Enrollment Hotline: 9783 2579

(A) 3 Standard steps for solving M.I. questions.

i. What is Mathematical Induction

Consider the following proposition P(n).

P(N): 1+2+3+...+n :%n(n +1) for all natural numbers n.

How to prove this pattern is true for all natural numbers n?

When n=1, LHS. =1
R.H.S. =%(1)(1+1)=

When n=2, LHS. =1+2=3
R.H.S. =%(2)(2+1)=3

When n =3, LHS. =1+2+3=6
R.H.S. =%(3)(3+1)=6

Whenn=4,5,6, ...,97, 98, 99,

When n=100, L.HS. =1+2+3+....+100 = 5050
RHS = %(100)(100 +1)=5050

How about n = 1000, 10000, 100000, ...??7? Infinite natural numbers !!!
Therefore, ...

Mathematical Induction Ey=-5a1a7 1+

When to Use : To prove a proposition P(n) is true for all natural numbers n.

Necessary Condition: P(n) can be proved if considering successive cases step by
step.
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ii. 3 Standard Steps for M.1. ByERERA7 1% = L4 H R

Mathematical Induction gy==8557 1%

Step 1:Prove P(0/1/2) is true
Step 2: Assume P(Kk) is true
Step 3: Consider P(k+1), Prove P(k+1) is true using P(K) is true assumption.

e.g.1 Prove, by M.1., P(n) is true for all natural numbers n.

P(n): 1+2+3+..... +n:%n(n+1) for all natural numbers n.

Sol: When n=1,
LH.S.=1
R.H.S.:%(l)(1+1):l Step 1

-~ L.H.S.=R.H.S., P(1) is true.

Assume P(K) is true, i.e. 1+2+3+...+k :%k(k +1) }Step 2

where K is a positive integer.
Consider P(k+1),
LHS.=1+2+3+......+k+k+1

1
==(K)(k+1)+(k+1) ; :
5 [By Assumption P(K) is true] Step 3

:%(k +1)(k+2)

:%(k +1)(k+2)

=R.H.S.
. P(k+1) is true, if P(K) is true.

By M.1., P(n) is true for all natural numbers n
p.s. Question Type: Simple Equality !
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(B) Different Types of M.I. questions

Four Common Types of M.l. Questions
a. Simple Equality

b. Fraction Equality

c. Divisible

d. Derivation (Variety)

f]§’ Sir FH A &
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Exam Type Questions:
a. Simple Equality fHTI=="
Skill 1: 13 B\
Skill 2: WiEE - #
e.g.2 Prove, by M.1., P(n) is true for all natural numbers n.

P(n): 1+2+3+..... +n=%n(n+1) for all natural numbers n.

Tf’ Sir RS
Sol: When ‘Fh[ n=1,
LHS.=1

R.H.S.:%(l)(l+l):1 }Step 1

~L.HS.=R.H.S., P(1) is true. P(1) %3t

Assume @F%P(k)istrue,i.e. 142434tk = k(k+1

}Step 2
Where k is a positive integer.
Consider 5 P(k+1),
L.H.S. hK +1
C ssumption P(K) is true]
Step 3

F[l_”c EJ—‘\jiul

:%(k+1)(k+2)

:%(k+1)(k+2) HEEE- H

=R.H.S.

". P(k+1) is true, if P(k) is true.

By M.1., P(n) is true for all natural numbers n
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e.g.3 Prove, by M.1., P(n) is true for all natural numbers n.

P(n):1? —22 +3° —4* + ...+ (-1)""n* = (—1)”1@f0r all natural numbers n.

. o
Z“]'S" Sir RS
When n=1,

1(1+1)

LHS. =1°=(-D*! =R.H.S.

So P(1) is true.

Assume P(K) is true, i.e. 12 =22 +32 =4 +.....+(-1) "k = (-1 k(K +1),

where K is a positive integer.

Consider P(k+1),

LHS. =12 -22+32—4% + .. +(-1) "k? + (1) (k +1)?

— (-] k(k2+1) T+ (=D)* (K +1)2 [By Assumption P(K) is true]

_(-1)* (k+1)[( 1)+ 2(k +1)] S ERIRS=II

= (- = (k+1) 2Dk +2k+2]  ((1)f=-1if kis odds !
(-1)*=1if k is even !

- (-1)* (k+1) B 11k + 2k + 2]

_ (- D (k”) E D s 2)

ay (k+1)(k+2)

- (o R

=(—1)““%(k+2) U i H

=R.H.S.

" P(k+1) is true, if P(k) is true.

By M.1., P(n) is true for all natural numbers n
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b. Fraction Equality {7r=={

Skill 1: 12 Erkii +/ IFLJ [y

Skill 2: WiEE - #

e.g.4 Prove, by M.1., P(n) is true for all natural numbers n.

2 3 n n+l
P(n): 1><2+2><2 3X2 nx2 2 —1 for all natural numbers n.
2x3 3x4 4><5 (n+l)(n+2) n+2
: ~
Z“]%’Slrj:&ij:&r’ﬁc
When n=1,
LHs —x2_1
2x3 3
n+1
RH.S. = 2 —1:1= L.H.S.
n+2 3

So P(1) is true.

1x2 2x2% 3x2° kx2" 2kt

Assume P(K) is true, i.e. ¥ + I
2x3 3x4 4x5 (k+1)(k+2) k+2

where k is a positive integer.

Consider P(k+1),
1x2 2x2° 3x2° k x 2 (k +1) x 24
+ + ot +
2x3 3x4 4x5 (k+Dk+2) (k+1+1)(k+1+2)
2k+1 1 (k +1) > 2k+l - -
k12 +m [By Assumption P(K) is true]

2k+1 k-l—l .
T2 ke T A
2k+1 2k + 4
-1
k+2( k+3) 1]
A J2Ak+2)
k+2 k+3
2k+2
T k+3
_ 2 e
(k+1)+2
=R.H.S.
" P(k+1) is true, if P(K) is true.

By M.1., P(n) is true for all natural numbers n

LHS. =

I’}}"JIII

-1
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e.g.5 Prove, by M.1., P(n) is true for all natural numbers n.

P(n): l+£2+%+...+1—2—an for all natural numbers n.
2 2° 2 2" 2"

: ~
B Sir f
When n=1,
L.H.S. :ilzE

2 2

R.H.S. 1”:% L.H.S.

So P(1) is true.

Assume P(K) is true, i.e. 1+£2+%+ +Lk =2- k+2 , where k is a positive
2 2° 2 2 ok
integer.
Consider P(k+1),
1 2 3 k k+1

L.H.S. :E+?+§+ +?+F

_9o_ k+2 4 k+1 [By Assumption P(k) is true]

2k 2k+l
-2k +2)+(k+1) @i
:2 2k+l IEJJ
-2k-4+k+1
:2+ 2k+1
-k-3
=2+
—(k+3)
_2+ 2k+1
kK+3
:2_ 2k+1
(k+1)+2 L
ZZ—T T i H
=R.H.S.

" P(k+1) is true, if P(k) is true.

By M.1., P(n) is true for all natural numbers n

HKCEE Additional Mathematics — Mathematical Induction
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c. Divisible fFﬁZB%[EE

Skill 1: Let I%P(n) be a=bn

Skill 2: x** => x e x*

Skill 3: g5~

Skill 4: 312> P4z (Common Factor)
Skill 5: WiEE - #

e.g.6 Prove, by M.1., 8" —3"is divisible by 5 for all positive integer n.

Z“]'S" Sir RS £
Let P(n) be the statement: 8" —3" =5M where M is a integer
When n=1,
L.HS. =8"-3"=5=5(1)=R.H.S. \ Skill 1 - Let F%‘P(n) be A = bn
. P(1) is true.

Assume f@r%’f P(k) is true, i.e. 8% -3 =5Q where Q is a integer.

Consider P(k+1),

LHS :8k+1 _3k+1 " )
_8e8¢_3e3k ___—» Skill2- X* = =>XeX
=(5+3)e8" —3e3*
_5eg 1308 _3e3  OKIlISEEHTIIE
=58 +3e(8" —3* )/ Skill 4 - Common Factor it pd=t
=508 +3¢(5Q)

_5e(8+3Q) [B
=5¢(R) wheréR =8 +3Q isan integer
=5¢(R)
=R.H.S.

. P(k+1) is true, if P(K) is true.

sumption P(K) is true ]

— Skill 5 -t & g—- #

By M.1., P(n) is true for all natural numbers n
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e.g.7 Prove, by M.1., 9" -1 isdivisible by 8 for all positive integer n.

: ~
Z“]%’ Sir fRHLA
Let P(n) be the statement: 9" —1=8M where M is a positive integer

When n=1, \

LHS. =9'-1-8(1) =R.H.S. Skill 1- Let Py be @ = 0N
<. P(1) is true.

Assume P(K) is true, i.e. 9 -1=8Q where Q is a positive integer.

Consider P(k+1),
=gk _ k+1 k
LHS. =971, skilz- X" =>XxeX
=9"e0-1

—gfe@+=T oKl SEETIR
=9 e8+9% -1
=9 e8+8Q [By Assumption P(K) is true]

=8(9" +Q)\
=8eR whereR isan integer— skill 4 - Common Factor it =%

=R.HS: > Skill5-HEH K- #
.. P(k+1) is true, if P(K) is true.

By M.1., P(n) is true for all natural numbers n
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d. Derivation (Variety) 3[f{I (%&{™)

Skill 1: g5~

Skill 2: [k

Skill 3: P

e.g.8 a. Prove, by M.1., P(n) is true for all natural numbers n.

P(n): 1x2+2x3+3x4+..+n(n+1) = —n(n+1)(n+2) for all natural numbers n.

b. Hence , evaluate 1x3+2x4+3x5+...+50(52) .

. o
Z“]'S" Sir S
When n=1,

LH.S. =1x(1+1) =1x2=2 :%(1)(2)(3) = RHS.

. P(1) is true.

Assume P(Kk) is true, i.e. 1x2+2x3+3x4+...+k(k+1) :%k(k +1)(k +2),

where K is a positive integer.

Consider P(k+1),
LHS. =1x2+2x3+3x4+...+k(k+1)+(k+D)(k+1+1)
Z%k(k+l)(k+2)+(k+1)(k+1+l) [By Assumption P(K) is true]

:%(k+1)(k+2)(k+3) SIERI RS

=%(k +)(K+1+D)(k +1+2) tH = - H

=R.HS.
" P(k+1) is true, if P(k) is true.

By M.1., P(n) is true for all natural numbers n
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b. 1><3+2X4+3X5+...+50(52) / Skl”lﬁ?ﬁ']}ﬁ
=1x(1+2)+2x(1+3)+3x(1+4)+...+50(1+51)

=1x1+1x2+2x1+2x3+3x1+3x4+..+50x1+50x51
=(Ix1+2x1+3x1+...+50x1)+(AIx2+2x3+3x4+...+50x51)
B
_(1+50)(50) 1 Skill 2 fEEiE

2
— 45475 » SumofA.P. !

(50)(51)(52) (By part a)

HKCEE Additional Mathematics — Mathematical Induction 12
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e.0.9 (a) Prove, by mathematical induction, that
2(2)+3(27 )+ 4(2° )+ ...+ (n+1)2" ) = n(2"**) for all positive integers n.

(b) Showthat 1(2)+2(22)+3(2%)+......+98(2% )=97(2% )+ 2.

% Sir fix &

(a) Let P(n) be the statement 2(2)+3(22 )+ 4(2° )+.....+(n+1)2" ) = n(2"**)
for all positive integers n.
When n=1, L.H.S.=2(2) = 22" )=R.H.S.
So P(1) is true.

Assume P(K) is true, i.e. 2(2)+3(2% )+ 4(23 )+ ...+ (k +1)(2* ) = k(2+*)

Consider P(k+1),
L.H.S. = 2(2)+3(22 )+ 4(2% )+ oo+ (K +1)(2% )+ (K +1+1)(24)

=k(@2"")+ (k +2)(2") [By Assumption P(k) is true]

S (HDE @)+ 2@ sy
:(k+1)[k(2 ' )+k(k+2)(2 "),

+1
3 2(k +1)(21)
= (e,
= (k+D[2(2*"]
— (K +1)(24+?

K- #

=(k+D(2"*"? =R.H.S.

" P(k+1) is true, if P(k) is true.

By M.1., P(n) is true for all natural numbers n
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=(2)(2)+3)(2°) +(A(2°) + 0.+ (99)27) - [D(2) + D(2°) + W)(2°) + oot (D(2]

=98(2"")-[(2)+(2°) +(2°) + ...t (@™)] kil 2 fHEi¥E (Grouping Terms)
2(1 2%)

-2
299

=98(2%) - [ ]/ SumofGP. Il

]

=97(2%) + 2% +[

= 97(2%) +2
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e.g.10 (a) Prove, by mathematical induction, that
1 1 1 1 1 1

+ + + ot =—-
le2e3e4 2e3e4e5 3el4e5e6 nn+)(n+2)(n+3) 18 3(n+1)(n+2)(n+3)

for all positive integers n.

(b) Evaluate
1 1 1 1

+ + bt .
Oel0ellel2 10ellel?e13 1lel2e13e14 19(20)(21)(22)

B Sir L5 &
(@)
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(b)
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e.g.11 (a) Prove, by mathematical induction, that

P+2°+3F+....+n°= %n(n +1)(2n+1) for all positive integers n.

(b) Evaluate 2°+4%+6°+.....+100°.
(c) Evaluate 141x142+142x143+143x144+......+180x181.

B Sir L5 &
(@)
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(b)

(©)
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e.9.12 a) Prove, by M.1., 32°"* +1is divisible by 11 for all positive integer n.
F[2 IGPERSRATIE, SRORE TR, 327 + LETHE 11 .

b) Is 2% +1divisible by 11? Please support you answers with reasons.

% Sir L5 &
(@)
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(b)
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