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(A) Definition of factorial relationship with nCr 
階乘的定義和與 nCr的關係 

i. Definition of Factorial 階乘的定義: 

)1)(2)(3)...(2)(1(! −−= nnnn  where n is a positive integer 正整數. 

1!0 =  [Definition of Zero Factorial 零階乘的定義] 

 
e.g. 

)1)(2)(3)...(8)(9)(10(!10 =

 

e.g. 

)1)(2)(3)...(3)(2)(1()!1( −−−=− nnnn  

e.g. 

12345
123...789

!5
!9

××××
××××××

=

 

   6789 ×××=  

   3024=  

e.g. 

)1)(2)(3)...(1)(2)(3(
)1)(2)(3)...(3)(2)(1(

)!3(
!

−−−
−−−

=
− nnn

nnnn
n

n

         )2)(1( −−= nnn  

 

ii. Definition of nCr  nCr的定義: 

!)!(
!

rrn
nnCr
−

=  where n and r is positive and rn ≥ . 

 

黎 Sir提提你 : 
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iii. Common Properties of nCr: 

1. 
n

rn
n
r CC −=  

2. 10 == n
n

n CC  

3. 
1
11
+
++ =+ n

r
n
r

n
r CCC  or 

1
1

+
− =+ n

r
n
r

n
r CCC  

 

黎 Sir提提你 : 

 
 
 
 
 
 
 

 

e.g. Prove 
n

rn
n
r CC −= . 

Sol: L.H.S.
n
rC=  

!)!(
!

rrn
n
−

=  

)!()!(
!

rnnrn
n

+−−
=  

)!()]!([
!

rnrnn
n

−−−
=

n
rnC −= ... SHR=  

So 
n

rn
n
r CC −=  

e.g. Prove 
1
11
+
++ =+ n

r
n
r

n
r CCC . 

Sol: L.H.S. 
n
r

n
r CC 1++=  

)!1()]!1([
!

!)!(
!

++−
+

−
=

rrn
n

rrn
n

 

)!1()!(
)(!)1(!

+−
−++

=
rrn

rnnrn
)!1()!(

!!!!
+−

•−•++•
=

rrn
rnnnnrn

 

)!1()!11(
!!
+−−+

+•
=

rrn
nnn

)!1()!11(
)1(!
+−−+

+
=

rrn
nn

 

)!1()]!1(1[
)!1(

++−+
+

=
rrn

n 1
1
+
+= n

rC ... SHR= . 

So 
1
11
+
++ =+ n

r
n
r

n
r CCC  

做緊咩? 
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iv. Pascal’s Triangle 楊輝三角 

nCr when n=0 1 
 n=1 1   1 
 n=2 1 2 1 
 n=3 1 3 3 1 
 n=4 1 4 6 4 1 
 …… 4

0C  4
1C  

4
2C  

4
3C  4

4C  

  …… 
 

(B) Explanation of Binomial Theorem 
二項式定理詳解 

 
i. Consider Expanding 考慮展開 ( )( )( ) ( )bababababa n ++++=+ ......)(  
 

黎 Sir提提你 : 

 
 
 
 

 
ii. Binomial Theorem 二項式定理 

( ) nn
n

nn
n

rrnn
r

nnnnnnn bCabCbaCbaCbaCaCba +++++++=+ −
−

−−− 1
1

22
2

1
10 ............  

( ) nnn
n

rn
r

nnn xxCxCxCxCx +++++++=+ −
−

1
1

2
21 ............11  When 1=a  and xb = . 

 

黎 Sir提提你 : 
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e.g. Expand. ( )334 ym −  

Sol: ( )334 ym −  

303
3

213
2

123
1

033
0 )3()4()3()4()3()4()3()4( ymCymCymCymC −+−+−+−=  

)27)(1(1)9)(4(3)3)(16(3)1)(64(1 3223 yymymm −++−+=  
3223 27108)14464 ymyymm −+−=  

e.g. Expand 
41
⎟
⎠
⎞

⎜
⎝
⎛ +

x
x  

Sol: 
41
⎟
⎠
⎞

⎜
⎝
⎛ +

x
x  

404
4

314
3

224
2

134
1

044
0 )1()()1()()1()()1()()1()(

x
xC

x
xC

x
xC

x
xC

x
xC ++++=  

)1()(1)1()(4)1()(6)1()(4)1()(1
4

0
3

1
2

234

x
x

x
x

x
x

x
xx ++++=  

42
24 1464

xx
xx ++++=  

e.g. Expand 3)21( x+  
Sol: 3)21( x+  

33
3

23
2

13
1

03
0 )2()2()2()2( xCxCxCxC +++=  

)8(1)4(3)2(31 32 xxx +++=  
32 81261 xxx +++=  

 

黎 Sir提提你 : 
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(C) General Term of Binomial Function 
二項式函數的通項 

i. General Term 通項 

General Term通項
rrnn

r baC −=  

 

( ) nnn
n

rrnn
r

nnnnnn babCbaCbaCbaCaba +++++++=+ −
−

−−− 1
1

22
2

1
1 ............  

1st Term  2nd Term 3rd Term  r+1th Term nth Term n+1th Term  
 

黎 Sir提提你 : 

 
 
 
 
 
 
 

 
e.g. Find the General Term 通項 of 3)21( x+  
Sol: General Term 通項 rrnn

r baC −=  )2(133 xC r
r

−= rr
r xC 23=  

 

e.g. Find the General Term 通項 of 
41
⎟
⎠
⎞

⎜
⎝
⎛ +

x
x  

Sol: General Term 通項 rrnn
r baC −=  rr

r x
xC )1()( 44 −= rr

r xC −−= 44 )( r
r xC 244 )( −=  

 

黎 Sir提提你 : 
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(D) Variation of Binomial Theorem Questions 

二項式定理問題的變化 
 
Exam Type Questions: 
 
1. Direct Expansion 直接展開 
2. Finding General Term 找通項 
3. Finding Coefficients 找係數 
4. Variation of Summation of nCr  nCr之和及變化 
5. Finding n 找 n 
 

1. Direct Expansion直接展開 

Skill 1: Binomial Theorem技巧 1: 二項式定理 
 
e.g. Expand. ( )334 ym −  
 

e.g. Expand 
41
⎟
⎠
⎞

⎜
⎝
⎛ +

x
x  

 
e.g. Expand 3)21( x+  
 

Sol: Pls refer to p.5 

2. Finding General Term 找通項 

Skill 1: General Term (r+1th Term) rrnn
r baC −=  

技巧 1: 通項 (r+1th項) rrnn
r baC −=  

 
e.g. Find the General Term of 3)21( x+  
 

e.g. Find the General Term of 
41
⎟
⎠
⎞

⎜
⎝
⎛ +

x
x

 
Sol: Pls refer to p.6 

 

黎 Sir提提你 : 
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3. Finding Coefficients 找係數 

Skill 1: 技巧 1: General Term通項 rrnn
r baC −=  

 
e.g. Find the Coefficient of 3x in the expansion of 5)32( x+  
 
Sol: when 3=r , The General Term 3355

3 )3(2 xC −=  
                )27)(4(10 3x=  
                        3108x=  
    So the Coefficient of 3x  is 108. 

e.g. Find the Coefficient of 2x in the expansion of 
42
⎟
⎠
⎞

⎜
⎝
⎛ −

x
x  

Sol: General Term of 
42

⎟
⎠
⎞

⎜
⎝
⎛ −

x
x rr

r x
xC )2(44 −= −  

                                      rrr
r xC )2(44 −= −−  

                                      rr
r xC 244 )2( −−=  

When 224 =− r , 1=r . 
So the coefficient of 2x is 14

1 )2(−= C 8)2(4 −=−=  

e.g. Determine and find (If any) whether the expansion of 
9

2 12 ⎟
⎠
⎞

⎜
⎝
⎛ −

x
x  consist of 

constant term and 2x term. 

Sol: General Term of 
9

2 12 ⎟
⎠
⎞

⎜
⎝
⎛ −

x
x

rr
r x

xC )1()2( 929 −= −
r

rr
r xC

)1(
2 31899

−
=

−−

r

rr
r xC

)1(
2 31899

−
=

−−

 

When ,6,0318 ==− rr So the Constant Term is 6

699
6

)1(
2
−

=
−C

672884 =•=  

When ≠==−
3

16,2318 rr integer, So there is no 2x term. 
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Skill 2: Product of Binomial 技巧 2: 二項式相乘 
e.g. Given ...1)21()31( 254 +++=−+ bxaxxx , find the values of the constant a and the 
coefficient of 2x  b. 
Sol: Given ...1)21()31( 254 +++=−+ bxaxxx  

...1...])2()2(1...][)3()3(1[ 225
2

5
1

24
2

4
1 +++=+−+−++++ bxaxxCxCxcxc  

...1...))2(349()23(1 225
1

4
1

5
2

4
2

5
1

4
1 +++=+•−••+•+•+•−•+ bxaxxCCCCxCc  

By comparing Coefficients, 5
1

4
1 23 Cca •−•= , 5

1
4

1
5
2

4
2 649 CCCCb ••−•+•=  

So 25243 =•−•=a , 2654610469 −=••−•+•=b  
So 2=a , 26−=b  

Skill 3: Sum of Binomial技巧 3: 二項式相加 
e.g. Given 66 )21()1( xx +++ , find the coefficient of 2x  
Sol: The coefficient of 7541515)2( 26

2
6
2

2 =•+=+= CCx   

Skill 4: 技巧 4: Trinomial 三項式 
e.g. Given ...61)1( 3

2
2

1
62 ++++=++ xkxkxaxx , Express 1k and 2k in terms of a. 

Sol: ...61)1( 3
2

2
1

62 ++++=++ xkxkxaxx  
...61...)1()1()1(1 3

2
2

1
336

3
226

2
6
1 ++++=+++++++ xkxkxaxxCaxxCaxxC  

...61...21 3
2

2
1

36
3

46
2

236
2

26
2

26
1

6
1 ++++=+++++++ xkxkxxCxCaxaCxCaxCxC  

211566
2

6
11 =+=+= CCk , 50201522 6

3
6
22 =+•=+= Cak  

So 50,21 21 == kk  

黎 Sir提提你 : 

 
 
 
 
 
 
 
 
 
 
 
 
 

 



 

Binomial Theorem 二項式定理 
www25.brinkster.com/andy325           All Rights Reserved © 黎 Sir教室 

Prepared By Andy Lai 
 

10

4. Variation of Summation of nCr  nCr之和及變化 

Skill 1: Substitute x=a 技巧 1: 代 x=a 
 

e.g. By Considering and expanding 5)1( x+ , find 5
5

5
4

5
3

5
2

5
1

5
0 CCCCCC +++++ . 

Sol: 55
5

45
4

35
3

25
2

15
1

05
0

5)1( xCxCxCxCxCxCx +++++=+  
     Put 代入 x=1, 5

5
5
4

5
3

5
2

5
1

5
0

5)11( CCCCCC +++++=+  
             55

5
5
4

5
3

5
2

5
1

5
0 2=+++++ CCCCCC  

Skill 2: Differentiate before Substitute x=a 

技巧 2: 取導數後再代 x=a 

e.g. By Considering and expanding 5)1( x+ , find 5
5

5
4

5
3

5
2

5
1 5432 CCCCC ++++ . 

Sol: 55
5

45
4

35
3

25
2

15
1

05
0

5)1( xCxCxCxCxCxCx +++++=+  
     Differentiate both side with respect to x 在兩邊同時間對 x取導數 

45
5

35
4

25
3

15
2

5
1

4 5432)1(5 xCxCxCxCCx ++++=+  
     Put代入 x=1, 5

5
5
4

5
3

5
2

5
1

4 5432)11(5 CCCCC ++++=+  
             805432 5

5
5
4

5
3

5
2

5
1 =++++ CCCCC  

 

黎 Sir提提你 : 
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5. Finding n找 n 

Skill 1: 技巧 1: General Term通項 rrnn
r baC −=  

e.g. By expanding of n

x
ax )1( 2+ in descending powers of x where a>0, if the 4th term of 

the expansion is independent of x and equals ,
2
21 find the value of a and n. 

Sol: Gerneral Term rrnn
r x

axC )1()( 2
−= rrnrnn

r xaC 2−−−= rnrnn
r xaC 3−−=  

The 4th Term )3(33
3

−−= nnn xaC 93
3

−−= nnn xaC
2
21

=  

So 09 =−n  => 9=n  and So 
2
21399

3 =−aC  => 
2
2184 6 =a  => 

842
216

•
=a   

=> 
8
16 =a  => 

2
12 =a  => 

2
1

=a  or 
2

1
−=a  (Rejected) 

Skill 2: 技巧 2: Sum of Binomials二項式相加 
e.g. Given nn xx )21()1( +++  and the coefficient of 2x  is 75. Find n. 
Sol: The coefficient of 755)2( 2

2
22

2 =•=+= nnn CCCx  
                    152 =nC  

                    15
!2)!2(

!
=

−n
n  => 215)1( •=−nn  => 0302 =−− nn  

                    0)5)(6( =+− nn  => 6=n or 5−=n (Rejected) 
                    So 6=n  

Skill 3: Fraction Equality: Indices Law baba xxx +=•   

技巧 3: 份數等式: 指數 baba xxx +=•  

e.g. Given nx
x

x )21()3( 2 +−  and the constant term is 210. Find n.  

Sol: Expand nx
x

x )21()3( 2 +−  => ...])2()2(1][)3()3(2[ 2
21

22 ++++− xCxC
xx

xx nn  

The constant term is: 210236 2
2

2 =••+− nC => 210
2

)1)((366 =
−

•+−
nn  

=> 21018186 2 =−+− nn  => 02161818 2 =−− nn  => 0122 =−− nn  
=> 0)3)(4( =+− nn  => 4=n or 3−=n  (Rejected) 
So 4=n  
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Skill 4: 技巧 4: Sum of Coefficients 係數運算 
e.g. In the expansion of nx)1( + , if the coefficient of 2, xx and 3x are in Arithmetic 
Sequence 等比數列, find the value of n. 

Sol: ...)1( 3
3

2
2

1
1

0
0 ++++=+ xCxCxCxCx nnnnn  

Coefficient of 2, xx  and 3x are nn CC 21 , and nC3 respectively 

2
31

2

nn
n CCC +
= => 

]
)!3()!3(

![
2
1

)!2()!2(
!

−
+=

− n
nn

n
n

=> ]
)6(

)2)(1([
2
1

)2(
)1( −−

+=
− nnnnnn

 

=> ]
)6(

)23(6[)1(
2 +−+

=−
nnnnnn => nnnnnn 23666 232 +−+=−  

=> 0149 23 =+− nnn => 0)149( 2 =+− nnn => 0)2)(7( =−− nnn  

=> 0=n (Rejected) or 2=n (Rejected) or 7=n  
=> n=7 

Skill 5: 技巧 5: Trinomial 三項式 
e.g. Given the coefficient of 2x after the expansion of nxx )1( 2++ is 21. Find n. 
Sol: ...)1()1(1)]1(1[)1( 22

21
2 +++++=++=++ xxCxxCxxxx nnnn  

The coefficient of 21
2

2 2

21
2 =

−+
=+=

nnnCCx nn  

0422 =−+ nn  
                   0)7)(6( =+− nn  => 6=n or 7−=n (Rejected) 
                    So 6=n  

黎 Sir提提你 : 

 
 
 
 
 

 


